Abstract. We establish the finiteness of the kernel and cokernel of the restriction map res i :
Introduction
Let F be a global field with fixed separable algebraic closure F s and corresponding absolute Galois group Γ F . A (Deligne) 1-motive over F is a complex in degrees −1 and 0 of commutative F -group schemes M = [Y → G ], where Y is étale-locally isomorphic to Z r for some integer r ≥ 0 and G is a semiabelian variety over F given as an extension 0 → T → G → A → 0, where A is an abelian variety over F and T is an F -torus. The Tate-Shafarevich group in degree i of M , where i = 1 or 2, is by definition
where the indicated map is a natural localization map. The cohomology groups appearing above are flat (fppf) cohomology groups. However, since Y and G are smooth and commutative F -group schemes, a standard five-lemma argument applied to a certain diagram enables us to identify, when convenient, the fppf cohomology groups H i (F, M ) and the Galois cohomology groups H i (Γ F , M (F s )). Consequently, the above groups, and all other groups appearing in this paper which are closely related to them (e.g., those in Theorem (1.1) below), can be computed using either flat or Galois cohomology. It is well-known that the groups (1) are objects of great arithmetical interest which are notoriously difficult to study. For example, if M = A is an abelian variety over F , then X 1 (F, A) encodes important arithmetical information about A but even the finiteness of this group is a major outstanding conjecture in number theory. Regarding the latter group, the author [GA00] and Yu [Yu04] studied the restriction map res 1 : X 1 (F, A) → X 1 (K, A) Γ associated to a finite Galois extension of number fields K/F with Galois group Γ and used that study to relate the orders (assumed finite) of X 1 (F, A) and X 1 (F, A χ ), where A χ is a quadratic twist of A. In this paper we extend the methods of [Yu04] to study, independently of any finiteness hypotheses, the restriction map res i :
Theorem 1.1. Let M be a 1-motive over a global field F and let K/F be a finite Galois extension of global fields with Galois group Γ . Then, for i = 1 and 2, the kernel and cokernel of the restriction map
We should note that, when M = G is a semiabelian variety (and thus an algebraic group), the proof of that part of the theorem which refers to the kernel of the indicated map is not difficult and follows from a standard restriction-corestriction argument. However, the fact that M is, in general, only a complex of algebraic groups makes the proof of the theorem rather involved for both the kernel and cokernel of res i .
The proof of the theorem will show that, in fact, Ker(res i ) is annihilated by [K : F ] (see Remark 5.3). Regarding the case i = 1 of the theorem, we note that both the source and the target of res 1 are finite groups if (as widely expected) X 1 (K, A) is a finite group, where A is the abelian variety part of M . However, when i = 2, Jossen [Jos13, §7] has constructed an example of a semiabelian variety G over Q such that the group X 2 (Q, G) is infinite. We briefly indicate the contents of each Section. Section 2 consists of preliminaries. Section 3 discusses 1-motives over fields (e.g., global and local fields). Section 4 establishes that the primary components of Tate-Shafarevich groups of 1-motives of global fields in cohomological degrees 1 and 2 are groups of finite cotype. This result is new in cohomological degree 2 over global function fields and is well-known in the remaining cases, although no formal statement to this effect seems to have appeared in print before. Section 5 contains the proof of Theorem 1.1. The Appendix 6 repairs an error which appears in a reference relevant to this paper.
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Preliminaries
For any abelian group B and positive integer n, we will write B n for the n-torsion subgroup of B and B/n for B/nB. If B is finite, its order will be denoted by |B|. Let ℓ be a prime number. We will write B(ℓ) for the ℓ-primary torsion subgroup of B and B Lemma 2.1. Let ℓ be a prime number and let B be a discrete ℓ-primary torsion abelian group. Then the following conditions are equivalent.
(i) The profinite abelian group B D is a finitely generated Z ℓ -module.
r ⊕ A, where r ≥ 0 is an integer and A is a finite abelian ℓ-group. (iii) B ℓ is a finite group.
Proof. Assertion (ii) follows from (i) and duality by noting that Z
If ℓ is a prime number, a discrete ℓ-primary torsion abelian group B which satisfies the equivalent conditions of the previous lemma is said to be of finite cotype. If B as above is of finite cotype, then every subgroup and every quotient of B is a group of finite cotype.
Lemma 2.2. Let B be a discrete and torsion abelian group such that B(ℓ) is a group of finite cotype for every prime number ℓ. Then every subgroup and every quotient of B of finite exponent is, in fact, finite.
Proof. If A is a subgroup of B and n is an integer such that nA = 0, then A ⊂ B n is finite since B n is finite. If C is a quotient of B such that nC = 0, then
which is finite since each group B(ℓ)
D is a finitely generated Z ℓ -module. This proves the lemma. 
Proof. See, for example, [BP69, Hilfssatz 5.5.2, p. 45].
Proposition 2.4. If i > 0, Γ is a finite group and A is a Γ -module, then
Proof. This is well-known. See, for example, [SeLF95, VIII, §2, Corollaries 1 and 2, p. 130].
Lemma 2.5. Let Γ be a finite group. If A → B → C is an exact sequence of Γ -modules, then the homology of the induced complex of abelian groups
Proof. Let f : A → B and g : B → C be the given maps. The exact sequence of Γ -modules 0 → Ker f → A → Imf → 0 yields an exact sequence of abelian groups
. Thus there exist isomorphisms of abelian groups Ker f Γ = (Ker f )
. Thus the homology of the complex
Since Coker h injects into H 1 (Γ, Ker f ) by (2) and the latter group is annihilated by |Γ | by Proposition 2.6, the lemma follows.
We will write Ab for the category of abelian groups.
Lemma 2.6. Let n be a positive integer and let 0 → A → B → C → 0 be a short exact sequence in Ab. Then there exists an induced exact sequence in Ab
Proof. This follows by applying the functor Tor Z * (Z/n, −) to the given short exact sequence using [Wei, Calculation 3.1.1, p. 66].
Let Γ be a finite group and let C be the quotient category of Ab modulo its thick subcategory of groups of finite exponent annihilated by a power of |Γ |. If f : A → B is a homomorphism of abelian groups, then f is a monomorphism (respectively, epimorphism, isomorphism) in C if, and only if, Ker f (respectively, Coker f , both Ker f and Coker f ) are groups of finite exponent annihilated by a power of |Γ | [Gab62, III, §1, Lemma 2, p. 366].
Proposition 2.7. Let G be a profinite group and let N be an open and normal subgroup of G such that the quotient group Γ = G/N is finite. Then, for every continuous G-module C and every integer i ≥ 1, the restriction map res i :
In other words, the kernel and cokernel of res i are groups of finite exponent annihilated by a power of |Γ |.
Proof. Denote by Ab G the (abelian) category of abelian groups equipped with a continuous G-action and equivariant maps, and define Ab Γ similarly. Write C G for the localisation of the abelian category Ab G with respect to the thick subcategory of modules of finite exponent annihilated by a power of |Γ | and let C Γ be the corresponding object associated to Ab Γ . Consider the following commutative diagram of categories and functors:
The vertical arrows are the canonical localisation functors, which are exact. The horizontal compositions are the fixed point functors (−) G . The classical HochschildSerre spectral sequence is the Grothendieck spectral sequence of the composite functor Ab G → Ab Γ → Ab. Since the vertical functors are exact, this spectral sequence maps to the Grothendieck spectral sequence of the composite C G → C Γ → C . Now, since the functor (−) Γ : C Γ → C is exact by Lemma 2.5 , the localised spectral sequence degenerates at the second stage and we obtain isomorphisms in C
The preceding morphism is represented in Ab by the edge morphism E i → E 0,i 2 , which coincides with the restriction map res i . The proposition is now clear.
1-motives over a field
and u is a morphism of F -group schemes. We will identify the 1-motive M = [0 → G ] with G placed in degree 0. The exact sequence of complexes
induces the following distinguished triangle in the derived category of the category of bounded complexes of abelian sheaves on the small fppf site over Spec F :
We will write M * for the 1-motive dual to M . Thus
where Y * is the group of characters of T and G * is an extension of the abelian variety A * dual to A by an F -torus T * whose group of characters is Y . The dual 1-motive comes equipped with a duality pairing, i.e., a morphism in the derived category of fppf sheaves b :
The pairing b induces pairings of fppf cohomology groups
The above constructions can be extended to any base scheme (in place of a field) and, in particular, the notions of a 1-motive over a Dedekind scheme and its dual are defined. Such objects will briefly appear in 
which is a finitely generated abelian group. Now let K/F be a finite Galois subextension of F s /F with Galois group Γ . For every integer i ≥ −1, set
Lemma 3.1. For every integer i ≥ 1, C i (K/F, M ) (9) is a group of finite exponent annihilated by a power of [K : F ].
Proof. We work in the category C of abelian groups modulo groups of finite exponent annihilated by a power of |Γ |. By Lemma 2.5, the triangle (5) induces a 5-column exact and commutative diagram in C
By Proposition 2.7, the first, second, fourth and fifth vertical maps above are isomorphisms in C . Now the five-lemma completes the proof.
In the case of (8), the following more precise result holds.
Lemma 3.2. For every integer
Proof. We use a restriction-corestriction argument. The Weil restriction
where v = R K/F (u K ). Now, for every F -group scheme H, there exists a canonical norm (or corestriction) morphism R K/F (H K ) → H defined as follows: if N K/F : K → F is the norm map associated to the Galois extension K/F and X is any F -scheme, then
M be the morphism of 1-motives whose components are the norm morphisms R K/F (Y K ) → Y and R K/F (G K ) → G described above. We now observe that there exists a canonical morphism of F -group schemes Y → R K/F (Y K ) which corresponds to the identity morphism of
These morphisms are the components of a canonical morphism of 1-motives j :
Shapiro's lemma in Galois cohomology and a standard five-lemma argument (see the proof of the previous lemma), for every integer i ≥ −1 there exists a canonical isomorphism of Galois hypercohomology groups e i :
The restriction map res i :
and the composite map
is the multiplication-by-[K : F ] map on H i (F, M ). The lemma follows easily.
We now assume that F a global field, i.e., F is either a finite extension of Q (the number field case) or is finitely generated and of transcendence degree 1 over a finite field of constants (the function field case). We will write p for the characteristic exponent of F . Thus p = 1 if F is a number field and p = charF if F is a function field. If v is a prime of F , F v will denote the completion of F at v. For each prime v of F , we choose and fix a prime v of F s lying above v and write w for the prime of K lying below v. The decomposition group of w in Γ will be denoted by Γ w and identified with Gal(K w /F v ).
If v is an archimedean prime of F and i is any integer,
Proof. The lemma is clear since each group
Tate-Shafarevich groups
For every finite set S of primes of F and integer i, set
of all classes which are locally trivial at all but finitely many primes of F . Thus
where the union extends over all finite sets S of primes of F . For i = 1 and 2, we will write
1 We warn the reader against confusing X i S (F, M ) with the similarly-denoted Tate-Shafarevich group associated to the Galois group of the maximal extension of F which is unramified outside of S. 
where, for every prime v / ∈ S, w is the prime of K lying above v fixed previously. Identifying the preceding groups via the indicated isomorphism, we obtain a canonical exact and commutative diagram of abelian groups
By Lemma 3.1, the cokernel of the middle vertical map is annihilated by a power of [K : F ]. On the other hand, by Lemma 3.3, the kernel of the right-hand vertical map above is annihilated by [K : F ]. We conclude that the cokernel of res Proof. If ℓ = p, there exists a nonempty open affine subscheme U of either the spectrum of the ring of integers of F (in the number field case) or of the curve C associated to F (in the function field case) such that ℓ is invertible on U , M extends to a 1-motive M over U and 
where B(U, M ) is defined as the kernel of the map
. Now let m ≥ 1 be an integer and apply Lemma 2.6 to the preceding short exact sequence setting n = ℓ m in that lemma. We obtain an exact sequence of abelian groups
Taking direct limits over m above and not- 
where
) is a finitely generated Z p -module. To this end, we recall from [GA09, proof of Lemma 5.8(b), p. 226, line 3] the exact sequence of abelian groups 
where, in the last direct sum, for each prime v of F , w is the fixed prime of K lying above v chosen previously. We define a map 
